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Abstract
The fluid-gravity correspondence provides us with explicit spacetime
metrics that are holographically dual to (non-)relativistic nonlinear hydro-
dynamics. The vacuum Einstein equations, in the presence of a Killing
vector, possess solution-generating symmetries known as spacetime Ehlers
transformations. These form a subgroup of the larger generalized Ehlers
group acting on spacetimes with arbitrary matter content. We apply this
generalized Ehlers group, in the presence of Killing isometries, to vacuum
metrics with hydrodynamic duals to develop a formalism for solution-generating
transformations of Navier-Stokes fluids. Using this we provide examples of
a linear energy scaling from RG flow under vanishing vorticity, and a set of
Z2 symmetries for fixed viscosity.
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1 Introduction
In 1974, Damour [1], and later in 1986, Thorne et al. [2], considered an observer
outside a black hole, interacting with (perturbing) the event horizon. Surprisingly,
they found that the observer will experience the perturbations of the “stretched”
horizon as modes of a viscous fluid possessing electric charge and conductivity. This
inspired a host of works over the years but the connection between gravitational
physics and fluids became sharper with the advent of the AdS/CFT correspondence
when Policastro et. al [5] related the shear viscosity of N = 4 super Yang-Mills
theory to the absorption of energy by a black brane.
This was the start of using the holographic principle, that is the correspondence
between gravitational theories on (d+1)-dimensional manifolds and d-dimensional
quantum field theories, as a tool for calculating hydrodynamic properties.
More recently, there has been a set of works that directly relate solutions of
Einstein’s equations of a particular type to solutions to the Navier-Stokes equa-
tions in one dimension less [6, 7, 8, 9, 10, 11, 12, 13, 14]. Later we will review
the details of how this correspondence is derived but the essential flavour is as
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follows. One writes down a very particular ansatz for the metric in d + 1 dimen-
sions which has undetermined functions, vi(x, t), P (x, t) and parameter, ν with the
index i = 1, .., d− 1 i.e. over a (d− 1) subset of the d spacetime dimensions. Solv-
ing the Einstein equations then constrains the functions vi(x, t), P (x, t) to give a
set of second order nonlinear differential equations for vi(x, t), P (x, t). This set of
equations are the Navier-Stokes equations describing a fluid in d dimensions with
pressure, P (x, t), fluid velocity field vi(x, t) and viscosity ν. Thus particular solu-
tions to the Navier-Stokes equations provide particular solutions to the Einstein
equations.
Other recent work on the fluid/gravity correspondence may be found in [20,
21, 22, 23, 24, 25, 26, 27, 28].
It has been known since Buchdahl [17] that for manifolds with isometries Ein-
stein’s equations have solution generating symmetries. That is there are “hidden”
symmetries of the equations that map from one solution to the other. In fact there
is a vast set of these as described by Ehler [18] and Geroch [19]. The question we
wish to pose in this paper is whether the solution generating symmetries of Ein-
stein’s equations can lead to solution generating symmetries in the Navier-Stokes
equations?
The procedure to determine this will be as follows:
• impose a Killing symmetry in a spacetime that admits the metric ansatz
corresponding to the Navier-Stokes equations;
• carry out generalised Ehler’s transformations that preserve the ansatz;
• determine the induced transformation of the Navier-Stokes data i.e. vi, P, ν.
The procedure could immediately fail if there were no generalized Ehler’s trans-
formations that preserve the metric ansatz required for the fluid/gravity correspon-
dence. We will find that there are a finite set and we will be able to explore the
transformations on the Navier-Stokes fields for different choices of Killing direc-
tions in spacetime. Along the way we will show that they are not part of the usual
spacetime Ehler’s transformations and yet they do produce solution generating
transformations for the Navier-Stokes fields.
The paper will try to be as self contained as possible and so we begin with
a review of the necessary ideas in fluids; the Navier-Stokes equation; the fluid
gravity correspondence; and solution generating symmetries in general relativity.
We will then carry out the procedure described above for spatial, timelike and
null Killing vectors to see what solution generating symmetries they correspond to
in the Navier-Stokes equation. We end with some comments and ideas for future
work. A reader familiar with the formalism of hydrodynamics and the Navier-
Stokes equation may wish to skip directly to section 3 where we carry out the
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solution generating transformation in the gravity dual to see the resulting induced
transformations on the solutions of the Navier-Stokes equation.
2 Hydrodynamics
The study of hydrodynamics is fundamental to vast areas of physics and engineer-
ing, owing to its origin as the long-wavelength limit of any interacting field theory
at finite temperature. Such a limit needs a consistent definition. Consider a quan-
tum field theory where quanta interact with a characteristic length scale `corr, the
correlation length. The long-wavelength limit simply requires that fluctuations
of the thermodynamic quantities of the system vary with a length scale L much
greater than `corr, parameterized by the dimensionless Knudsen number
Kn =
`corr
L
. (1)
For a fluid description to be useful in non-equilibrium states, we naturally require
that L remain small compared to the size of the system. This is usually satisfied
trivially by considering systems of infinite size.
The long-wavelength limit allows the definition of a particle as an element of
the macroscopic fluid, infinitesimal with respect to the size of the system, yet
containing a sufficiently large number of microscopic quanta. One mole contains
an Avogadro’s number of molecules, for example. Each particle defines a local
patch of the fluid in thermal equilibrium, that is, thermodynamic quantities do
not vary within the particle. Away from global equilibrium quantities vary between
particles as function of time τ and spatial coordinates ~x, combined as xa = (τ, ~x).
The evolution of particles in the fluid is parameterized by a relativistic velocity
ub(xa), which refers to the velocity of the fluid at xa. It is well known [29] that the
thermodynamic quantities, such as the temperature T (xa) and the density ρ(xa),
are determined by the value of any two of them, along with the equation of state.
The evolution of the system is then specified by the equations of hydrodynamics
in terms of a set of transport coefficients, whose values depend on the fluid in
question.
Fluid flow is in general relativistic in that the systems it describes are con-
strained by local Lorentz invariance, and velocities may take any physical values
below the speed of light. Applications at relativistic velocities are multitudinous:
the dust clouds in galaxy and star formation; the flow of plasmas and gases in stars
supporting fusion; the superfluid cores of neutron stars; the horizons of black holes
are all described by hydrodynamics. Modelling black holes (and black branes in
M/string theory) with hydrodynamics has now developed into a fundamental cor-
respondence of central importance to our present study, as discussed in §1. Quark-
gluon plasmas behave as nearly ideal fluids and are expected to have formed after
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the inflationary epoch of the big bang, are reproduced in collisions at the RHIC
and LHC. Non-relativistic fluids are equally ubiquitous, somewhat more familiar,
and constitute an endless list of phenomena from the atmosphere to the oceans.
2.1 The fluid equations
We begin with a discussion, adapted from [30], of the relativistic fluid described
by the stress energy tensor T ab and a set of conserved currents JaI where I indexes
the corresponding conserved charge. The dynamical equations of the d-spacetime
dimensional fluid are
∇aT ab = 0 ∇aJaI = 0 . (2)
For an ideal fluid, with no dissipation, the energy-momentum tensor and currents
may be expressed in a local rest frame in the form
T ab = ρuaub + p(gab + uaub) (3a)
JaI = qIu
a (3b)
where p is the pressure, qI are the conserved charges and gab is the metric of the
space on which the fluid propagates. The velocity is normalised to uaua = −1. The
entropy current is given by (3b) with the charge q being given by the local entropy
density. The conservation of the entropy current illustrates the non-dissipative
nature intrinsic to zero entropy production.
In a dissipative fluid, there are corrections to (3). We must first take into
account the interrelation between mass and energy to define the velocity field
more rigorously. This is achieved by using the Landau gauge, which requires that
the velocity be an eigenvector of the stress-energy tensor with eigenvalue the local
energy density of the fluid (this is satisfied by the velocity normalisation for the
ideal fluid). If the stress energy tensor gains a dissipative term Πab, and the current
a term ΥaI , this reads
Πabua = 0 Υ
a
Iua = 0.
Dissipative corrections to the stress tensor are constructed in a derivative expan-
sion of the velocity field and thermodynamic variables, where derivatives implicitly
scale with the infinitesimal Knudsen number (1). Recalling that the equations of
motion for the ideal fluid are composed of relations between these gradients, we
may express Πab purely in terms of the derivative of the velocity (when charges are
present this is only true to to first order). This can be iterated to all orders in the
expansion. Now, the derivative of the velocity may be decomposed using the accel-
eration Aa, divergence θ, a symmetric traceless shear σab, and the antisymmetric
vorticity ωab into the form
∇bua = −Aaub + σab + ωab + 1
d− 1θP
ab,
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where
θ = ∇aua
Aa = ub∇bua
σab = P acP bd∇(cud) − 1
d− 1θP
ab
ωab = P bcP ad∇[cud].
and P ab = gab + uaub is a projection operator onto spatial directions. In the
Landau frame, only the divergence and shear can contribute to first-order stress-
energy tensor. A similar analysis for the charge current retains the acceleration,
and if one includes the parity-violating pseudo-vector contribution
`a = bcd
aub∇cud,
the leading order dissipative equations of motion for a relativistic fluid are (2) with
T ab = ρuaub + pP ab − 2ησab − ζθP ab (4a)
JaI = qIu
a − χIJP ab∇bqJ −ΘI`a − γIP ab∇bT, (4b)
where η and ζ are the shear1 and bulk viscosities respectively, χIJ is the matrix of
charge diffusion coefficients, γI indicates the contribution of the temperature gra-
dients and ΘI the pseudo-vector transport coefficients. The transport coefficients
have been calculated in the weakly coupled QFT in perturbation theory, whereas
in the strongly coupled theory, a dual holographic description may be employed,
see e.g. [3].
2.1.1 The incompressible Navier-Stokes equations
In the non-relativistic limit defined by long distances, long times and low velocity
and pressure amplitudes (see e.g [12]), the fluid equations (2) with (4) become the
incompressible non-relativistic Navier-Stokes equations. In flat space and in the
presence of an external electromagnetic field ai, these are
∂τvi − ν∂2vi + ∂iP + vj∂jvi = −∂τai − vjfji, (5a)
∂iv
i = 0, (5b)
where fij = ∂iaj − ∂jai is the field strength of ai. Ideal fluids are described by
Euler’s equations, where the kinematical viscosity ν (related to the shear viscosity)
vanishes. We will mostly be concerned with fluid flow in the absence of external
forces, where ai is zero.
1We use the traditional notation of [4, 12, 29] rather than that of [8, 9]. We introduce the
kinematical viscosity ν in §2.1.1.
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H-
Σc
Figure 1: The past H− and
future H+ horizons define
the boundary of the Rindler
wedge. Grey lines demon-
strate lines of constant r
(curved) and τ (straight).
Long-wavelength perturba-
tions of the hypersurface Σc
are described by the equations
of hydrodynamics.
2.2 The Navier-Stokes fluid on a Rindler boundary
A metric dual to the non-relativistic incompressible Navier-Stokes equations was
first developed in [8] on the Rindler wedge, up to third order in the non-relativistic,
small amplitude expansion detailed later in this section. An algorithm for gener-
alising this metric to all orders was subsequently developed in [9], though terms
calculated beyond third order are not universal. They receive corrections from
quadratic curvature in Gauss-Bonnet gravity [11]. We summarise the construction
in [9] here.
Consider the surface Σc with induced metric
γabdx
adxb = −rcdτ 2 + dxidxi (6)
where the parameter
√
rc is an arbitrary constant. One metric embedding this
surface is
ds2 = −rdτ 2 + 2dτdr + dxidxi, (7)
which describes flat space (fig. 1) in ingoing Rindler coordinates xµ = (τ, xi, r),
defined in terms of the Cartesian chart (t, xi, z) by
z2 − t2 = 4r z + t = eτ/2. (8)
The hypersurface Σc is defined by r = rc where r is the coordinate into the
bulk. Allowing for a family of equilibrium configurations, consider diffeomorphisms
satisfying the three conditions
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i) The induced metric on the hypersurface Σc takes the form (6)
ii) The stress tensor on Σc describes a perfect fluid
iii) Diffeomorphisms return metrics stationary and homogeneous in (τ, xi).
The allowed set is reduced to the following boost, shift and rescaling of xµ. First,
a constant boost βi,
√
rcτ → γ(√rcτ − βixi), xi → xi − γβi√rcτ + (γ − 1)β
iβj
β2
xj, (9)
where γ = (1−β2)−1/2 and βi ≡ rc−1/2vi. Second, a shift in r and a rescaling of τ ,
r → r − rh, τ → (1− rh/rc)−1/2τ. (10)
These yield the flat space metric in rather complicated coordinates,
ds2 =
dτ 2
1− v2/rc
(
v2 − r − rh
1− rh/rc
)
− 2γ√
1− rh/rc
dτdr − 2γvi
rc
√
1− rh/rc
dxidr
+
2vi
1− v2/rc
(
r − rc
rc − rh
)
dxidτ +
(
δij − vivj
r2c (1− v2/rc)
(
r − rc
1− rh/rc
))
dxidxj.
(11)
The Brown-York stress tensor on Σc (in units where 16piG = 1) is given by
Tab = 2(Kγab −Kab), (12)
where
Kab =
1
2
(Lnγ)ab, K = Kaa,
are the extrinsic curvature and its mean, and nµ is the spacelike unit normal to
the hypersurface.
By imposing that the Brown-York stress tensor on Σc gives that of the stress-
energy tensor of a fluid we can identify the parameters of the metric (11) with the
density, ρ, pressure, P and four-velocity ua of a fluid, as follows:
ρ = 0, p =
1√
rc − rh , u
a =
1√
rc − v2
(1, vi). (13)
The Hamiltonian constraint
Rµνn
µnν = 0
on Σc yields a constraint on the Brown-York stress tensor
dTabT
ab = (T aa )
2.
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When this constraint is applied to the equilibrium configurations described above,
one finds the equation of state is ρ = 0 (as above), or ρ = −2d(d − 1)p which
occurs for a fluid on the Taub geometry [14].
Promoting vi and p to slowly varying functions of the coordinates x
a, and
regarding vi(τ, xj) and p = r
−1/2
c + r
−3/2
c P (τ, xi) as small perturbations, which
scale as
vi ∼ , P ∼ 2, (14)
about equilibrium yields the metric
ds2 =− rdτ 2 + 2dτdr + dxidxi
− 2
(
1− r
rc
)
vidx
idτ − 2vi
rc
dxidr
+
(
1− r
rc
)[
(v2 + 2P )dτ 2 +
vivj
rc
dxidxj
]
+
(
v2 + 2P
rc
)
dτdr +O(3)
(15)
which satisfies the Einstein’s equations to O(3) if vi satisfies incompressibility,
∂iv
i = O(3). Corrections appear in powers of 2, so this is the complete metric to
second order.
The metric may now be built up order by order in the hydrodynamic scaling.
Assume one has the metric at order n−1, where the first non-vanishing component
Rˆ
(n)
µν of the Ricci tensor appears at order n. By adding a correction term g
(n)
µν to
the metric at order n, resulting in a shift in the Ricci tensor δR
(n)
µν , and requiring
Rˆ(n)µν + δR
(n)
µν = 0, (16)
the vanishing of the Ricci tensor is guaranteed to order n. Recalling that, in the
hydrodynamic scaling, derivatives scale thus,
∂r ∼ 0, ∂i ∼ 1, ∂τ ∼ 2, (17)
one sees that corrections δR
(n)
µν at order n will appear only as r derivatives of g
(n)
µν .
It is shown in [9] that, using the Bianchi identity and the Gauss-Codacci relations,
integrability of the set of differential equations (16) defining δR
(n)
µν in terms of g
(n)
µν
is given by imposing the momentum constraint, equivalent to the conservation of
the stress tensor on Σc,
Raµn
µ = ∇aT ab|(n)Σc = 0, (18)
which is precisely the fluid equations of motion, to order n.
The perturbation scheme contains several degrees of freedom. The gauge free-
dom of the infinitesimal perturbations
g(n)µν → g(n)µν + ∂µϕ(n)ν + ∂νϕ(n)µ
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for some arbitrary vector ϕµ(n)(τ, ~x, r) at order n, which may be fixed by demand-
ing that grµ is that of the seed metric to all orders in . The x
a-dependent functions
of integration from equation (16) may be fixed by imposing the boundary form (6)
of the metric on Σc, and also requiring regularity of the metric at r = 0, which in
this construction translates to the absence of logarithmic terms in r. Corrections
to the bulk metric under these conditions then become
g(n)rµ =0
g(n)ττ =(1− r/rc)F (n)τ (τ, ~x) +
∫ rc
r
dr′
∫ rc
r′
dr′′(Rˆ(n)ii − rRˆ(n)rr − 2Rˆ(n)rτ )
g
(n)
τi =(1− r/rc)F (n)i (τ, ~x)− 2
∫ rc
r
dr′
∫ rc
r′
dr′′Rˆ(n)ri
g
(n)
ij =− 2
∫ rc
r
dr′
1
r′
∫ r′
0
dr′′Rˆ(n)ij ,
(19)
where the F
(n)
a (τ, ~x) comprise of the remaining integration functions, and the final
degree of freedom; field redefinitions of δv
(n)
i and δP
(n) at order n. F
(n)
i (τ, ~x) is
related to redefinitions of the fluid velocity and is fixed by the isotropic gauge
condition P baTbcu
c = 0. F
(n)
τ (τ, ~x) is related to redefinitions of the pressure and is
fixed by defining the isotropic part of Tij to be
T isotropicij =
(
1√
rc
+
P
r
3/2
c
)
δij (20)
to all orders.
Applying the perturbation scheme to the seed metric yields to third order,
ds2 =− rdτ 2 + 2dτdr + dxidxi − 2
(
1− r
rc
)
vidx
idτ − 2vi
rc
dxidr
+
(
1− r
rc
)[
(v2 + 2P )dτ 2 +
vivj
rc
dxidxj
]
+
(
v2 + 2P
rc
)
dτdr
−
[
(r2 − r2c )
rc
∂2vi +
(
1− r
rc
)(
v2 + 2P
rc
)
vi
]
dxidτ +O(4)
(21)
which satisfies the vacuum Einstein equations if
r3/2c ∇aTai|Σc = ∂τvi − rc∂2vi + ∂iP + vj∂jvi = O(5) (22)
which are the Navier-Stokes equations with kinematical viscosity
ν = rc. (23)
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The corresponding corrections to the Navier-Stokes equations follow from con-
servation of the stress tensor on Σc. Vector and scalar quantities are odd and
even orders respectively in the scaling . Accordingly, corrections to the scalar
incompressibility equation appear at even orders, and to the vector Navier-Stokes
equations at odd orders.
3 Duality in the context of holography
The defining equations in general relativity are the Einstein field equations, and in
the non-relativistic limit of hydrodynamics, the Navier-Stokes equations (5). Each
is a set of non-linear partial differential equations whose solutions exhibit fantasti-
cally varied phenomenology. When approaching any complex physical system with
a view to finding solutions, it is often advantageous to consider the symmetries,
intensively studied in both of these systems since their conceptions. Beyond dif-
feomorphisms, the search in gravity has in general been somewhat limited [15, 36],
however in the presence of a spacetime isometry, the symmetry group becomes
remarkably large [35], particularly for vacuum spacetimes. For symmetries of the
Navier-Stokes equations see [31], and with regards to the conformal group [12, 32].
In the light of the fluid/gravity correspondence, one may ask whether the sym-
metries of these systems are linked. In [37, 38, 39], they apply known symmetries
of the Einstein equations to spacetimes with perfect fluid sources, constructing
new spacetimes with the same equation of state, though not within a holographic
framework. By drawing on the tools provided by these works and those in holog-
raphy, we hope to develop a more general approach to the problem.
The bulk provides an additional valuable degree of freedom, where the bound-
ary sets the scene for the fluid evolution on the induced geometry. Moreover, we
are now free to exploit the symmetries of the more extensive yet simpler vacuum
geometries. It is these symmetries which we intend to holographically project to
the fluid. In particular, we are interested in transformations between solutions to
the Navier-Stokes equations arising from transformations between solutions to the
vacuum Einstein equations: transformed metrics yield transformed fluid configu-
rations.
In this section, we discuss the work leading up to the spacetime Ehler’s sym-
metry group of the vacuum Einstein equations with zero cosmological constant,
itself contained within the generalized Ehlers group. We continue in §4 to apply
the latter, in the presence of a Killing isometry, to fluids on the boundary of the
Rindler space, thus deriving solution generating transformations of the fluid ve-
locity, pressure and viscosity (the latter defining the RG flow). We offer in §4.1.1
a selection of example transformations including RG flow for zero vorticity fluids
(where one may relax this constraint), and Z2 transformations for fixed viscosity
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which we show in §4.3 in fact lie outside the spacetime Ehler’s group.
3.1 Symmetry groups of the Einstein equations
Understanding the properties of the Einstein field equations has long been a subject
of great theoretical interest, a sensible starting point being the inherent symmetries
involved. To this end, Buchdahl [17] derived a form of duality in vacuum spacetime
metrics, where an n-dimensional vacuum metric static with respect to a coordinate
xs:
gµν,s = 0, gas = 0 µ, ν ∈ {0, . . . , n}
generates a dual vacuum metric
hµν = ((gss)
2/(n−3)gab, (gss)−1), a, b ∈ {µ 6= s}.
It is this solution-generating property of spacetime isometries we wish to apply
to solutions of the Einstein equations and holographically map to hydrodynamics.
We have, however, a considerably larger symmetry group at our disposal. The
authors of [16, 18, 19] develop the concept culminating in the generalized Ehlers
symmetry group of the Einstein equations also for non-vacuum spacetimes. An
extension exists [33, 34] to dualities between vacuum spacetimes and those with
electromagnetic backgrounds described by the Einstein-Maxwell equations, of rel-
evance for magnetohydrodynamics.
3.2 The Ehlers group
The generalized Ehlers group
Define a vector field ξ = ξµ∂µ and one-form W = Wµdx
µ on a manifold with metric
g = (gµν). The generalized Ehlers group is defined in [16] by the transformation
gµν → hµν(ξ,W, g) = Ω2gµν − 2ξ(µWν) − λ
Ω2
WµWν , (24)
where Ω2 ≡ ξαWα + 1 ≥ 1, and the inequality holds over the whole geometry.
This group does not send vacuum metrics to vacuum metrics in general, but such
transformations may be found in the spacetime Ehlers subgroup.
The spacetime Ehlers group
Let us restrict g to be some (3 + 1)-dimensional Lorentzian metric satisfying the
vacuum Einstein equations and exhibiting some Killing isometry. Let us restrict
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ξ to define this Killing isometry, which is equivalent to the condition that the Lie
derivative of the metric along ξ vanishes:
(Lξg)µν = ξρgµν,ρ + ξρ,µ gνρ + ξρ,ν gµρ = 0. (25)
The twist potential
ωµ =
√
− det(g) µνσρξν∇σξρ, (26)
and Killing vector norm
λ = −ξµξµ (27)
give the Ernst one-form
σµ = ∇µς = ∇µλ− iωµ (28)
for some scalar ς (exactness is guaranteed by vanishing Ricci tensor, see [40] p.164).
Define a self-dual two form
Fµν = (1 + i∗)∇[µξν] , (29)
where ∗ is the Hodge dual operator. The spacetime Ehlers group is defined for
(3 + 1)-dimensional Lorentzian metrics by (24) for W satisfying
∇[µWν] = −2γ<[(γς + iδ)Fµν ] (30a)
ξαWα + 1 = (iγς + δ)(−iγς¯ + δ) (30b)
where a bar denotes complex conjugation, and γ and δ are non-simultaneously
vanishing real constants, which as a pair fix the gauge of W . The transformation
defines an SL(2,R) group action on the Ernst scalar by the Mo¨bius map
ς → δ
′ς + iγ′
iγς + δ
, where γ′γ + δ′δ = 1. (31)
4 Solution-generating transformations on the Navier-
Stokes fluid
Consider those transformed metrics h(ξ,W, g) which preserve the functional form
g (it clear that this is not in general the case). In the case of the Rindler metric
dual to the incompressible Navier-Stokes fluid, we define the parameters of g by
the fluid velocity vi, pressure P , and boundary position rc within the bulk. In
the transformed metric h, we define the transformed parameters by v˜i, P˜ and r˜c,
denoted by ’∼’. On satisfying the vacuum Einstein equations on Σ˜c, now at r = r˜c
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in the transformed geometry, the transformed metric will yield the incompressible
Navier-Stokes equations in the transformed parameters
∂iv˜i = 0 (32a)
∂τ v˜i + ∂iP˜ + v˜k∂kv˜i − r˜c∂2v˜i = 0. (32b)
Vitally, if (vi, P ) satisfy the Navier-Stokes equations with viscosity ν = rc, then
the transformed velocity and pressure (v˜i, P˜ ) represent a new set of solutions for
viscosity ν = r˜c. That is, we look for a subset of the generalized Ehlers trans-
formation acting on the fluid metric (21), obeying some Killing isometry, which
corresponds to solution-generating transformations of the velocity and pressure,
and RG flow parametrised by rc, of an incompressible Navier-Stokes fluid.
The Rindler metric is just one fluid metric supporting flat background geome-
tries on the boundary. We therefore only wish instead to retain the common
features of such metrics; the metric gauge gµr, and the flat boundary metric of the
form (6). The equation we wish to solve is thus
gµν(rc, vi, P )→ hµν(ξ,W, g) = g˜µν = gµν(r˜c, v˜i, P˜ ), (33)
where
g˜τr = 1 +
v˜(xa)2 + 2P˜ (xa)
2r˜c
, g˜ir = − v˜i(x
a)
r˜c
, g˜rr = 0 (34a)
g˜ab|r˜c = γ˜ab, where γ˜ττ = −r˜c, γ˜ai = γai. (34b)
4.1 Transforming the fluid
We are provided in (34) with sufficient information to derive the possible fluid
transformations via the form of the one-form W . Preserving the vanishing of
the g˜rr = grr = 0 component of the metric we find, directly from (24), the two
possibilities
Wr = −2αξrΩ2/λ where α = 0, 1. (35)
One may obtain an expression for Wa by contraction of (24) with the boundary
indices (a, b, . . .) of the Killing vector:
Wa =
Ω2ξr(gar + ξaξr/λ) + ξ
bg˜ab
λ/Ω2 + (1− 2α)ξrξr −
Ω2ξa
λ
. (36)
(Note, here and in what follows ξµ = gµνξ
ν , ie. it is lowered with the metric gµν and
never with g˜µν). This expression is uniquely defined only at the dual boundary
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Σ˜c, where we have defined the form of g˜ab and Wa becomes independent of the
dual fluid velocity and pressure. These expressions diverge for null Killing vectors,
where λ = 0. We cover this case shortly.
One can see that the parameters of the fluid is determined, to all orders in
, by gar = gar|rc . Consequently, the transformation in the fluid will be given by
the transformation of these components. Evaluation at r˜c is necessary in order
to circumvent the ambiguity in the dual metric, and also provides explicit fluid
transformations. We begin with Killing vectors null at the dual boundary, λ|r˜c = 0,
where one finds from contraction of (24) with the Killing vector, which yields
λ
Ω2
Wµ = ξ
ν(g˜µν − gµν), (37)
the following transformation,
g˜ar = gar +
[
ξb(gab − γ˜ab)
ξr
]
r˜c
, (38)
accompanied by the preservation of a null Killing vector, ξµξν g˜µν = 0.
For non-null Killing vectors we employ the relations
ξa(g˜ar − (1− 2α)gar) = 0, (39)
derived by comparing (35) and (37), and
λ/Ω2 = −ξµξν g˜µν , (40)
found from contraction of (24) twice with the Killing vector. Inserting Wr (35)
and Wa (36) into the Ehlers transformation (24) and employing (39) and (40), one
finds
g˜ar =
[−λgar + ξr((1− 2α)ξbγ˜ab − ξa)
ξcξdγ˜cd + (1− 2α)ξrξr
]
r˜c
. (41)
4.1.1 Energy scaling invariance from a bulk isometry
We begin with an example of a (null) Killing vector into the bulk, ξ = ξr(xµ)∂r.
The Killing equation components (Lξg)ai = 0 yield
ξr, τ =
1
2
ξr
(
1 +
v2 + 2P
2rc
+O(4)
)
, (42)
ξr, i = −ξr
(
vi
(
1− v
2 + 2P
rc
)
+ g
(3)
iτ,r +O(5)
)
. (43)
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Integrability of these equations requires firstly
2vj∂[ivj] = −rc∂2vi +O(5), (44)
where we have used the Navier-Stokes equations to express the constraint in this
form. Additionally, integrability requires vanishing vorticity to first order, which
with incompressibility implies (44). Transformation (38) yields g˜ar = gar, or
v˜i =
r˜c
rc
vi, P˜ =
r˜c
rc
P +
r˜c
rc
(
1− r˜c
rc
)
v2
2
, (45)
which is exact to all orders. It is trivial to show that the pair (v˜i, P˜ ) satisfy the
incompressible Navier-Stokes equations (with viscosity r˜c) if (vi, P ) do so (with
viscosity rc) for velocities satisfying (44) alone - vanishing vorticity imposes un-
necessary constraint and removes the dissipative term from the fluid equations.
It is interesting to consider the problems of existence, uniqueness and regularity
of the Navier-Stokes in this case. The divergence of (44) yields a vanishing mean
square vorticity which ensures the class of solutions (vi, P ) generated by (45) are
regular. With respect to existence, the kinetic energy scales by a factor r˜c/rc and
thus is bounded if there exists any solution satisfying (44) where the energy is
finite.
4.1.2 The timelike Killing vector
One might expect, in the presence of a timelike Killing vector ξ = ∂τ (it is sufficient
for this discussion to consider stationary solutions), a transformation of the form
v˜i = −vi, P˜ = P, r˜c = −rc (46)
enacting time-reversal of the fluid but this is not the case. This is explained by
noting that time-reversal is enacted by redefining the viscosity by ν = ±rc [8]
rather than by changing rc itself. This is because sending rc → −rc brings the
fluid outside the causal region of the spacetime.
4.2 Fixed viscosity transformations
We turn to fixed boundary (viscosity) transformations, where r˜c = rc. For Killing
vectors null at the dual boundary then α = 0, and one recovers the identity. For
non-null Killing vectors with α = 1, one finds
g˜ar = gar − 2ξr
[
ξbγab − ξrgar
ξcξdγcd − ξrξr
]
rc
, (47)
which defines a Z2 group.
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4.2.1 Spacelike Killing vectors
Consider a generic space-like Killing vector ξ = ξk∂k. Under (47), the pressure is
preserved, while the velocity transforms as
v˜i = vi − 2ξi
∑
k ξ
kvk∑
j(ξ
j)2
, (48)
which is a reflection in the hyperplane normal to the Killing vector and containing
the point at which the velocity is defined.
Translational isometry
Consider ξ = ck∂k where the constants ck are normalised to
∑
k c
2
k = 1, and the
corresponding isometries are ck∂kvi = ck∂kP = 0. The dual fields are
v˜i = vi − 2cickvk P˜ = P. (49)
The incompressibility condition
∂iv˜i = ∂ivi − 2cick∂ivk = 0, (50)
and Navier-Stokes equations
∂τ v˜i + ∂iP˜ + v˜k∂kv˜i − rc∂2v˜i =(δik − 2cick)(∂τvk + ∂kP + vj∂jvk − rc∂2vk)
+ 2cick∂kP − 2cjvjck∂k(vi − 2ciclvl) = 0,
(51)
are satisfied by the incompressible Navier-Stokes equations in the original fluid pa-
rameters along with the isometries. This is valid for fluids of arbitrary dimension.
Rotational isometry
Consider a Killing vector ξ = −x2∂1 +x1∂2 corresponding to a rotational isometry
in a d-dimensional fluid. In polar coordinates
x1 = ρ cos θ, x2 = ρ sin θ xk′ = xk′ , (52)
where primed (′) indices run from 3 to (d − 1), and the Killing vector becomes
ξ = ∂θ, the isometries are
∂θv1 = −v2 ∂θv2 = v1 ∂θvk′ = 0 ∂θP = 0. (53)
Solutions satisfy
v1 = x1µ(τ, xk′ , ρ)− x2η(τ, xk′ , ρ) v2 = x2µ(τ, xk′ , ρ) + x1η(τ, xk′ , ρ) (54)
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with dual velocities
v˜1 = x1µ(τ, xk′ , ρ) + x2η(τ, xk′ , ρ) v˜2 = x2µ(τ, xk′ , ρ)− x1η(τ, xk′ , ρ), (55)
that is, the transformation sends η → −η (equivalently θ → −θ). The incompress-
ible Navier-Stokes equations for the original fluid may be expressed as
0 = (2 + ρ∂ρ)µ+ ∂k′vk′ (56a)
0 = ∂τµ+ ρ
−1∂ρP + µ2 − η2 + µρ∂ρµ+ vk′∂k′µ
− rc(3ρ−1∂ρµ+ ∂2ρµ+ ∂k
′
∂k′µ)
(56b)
0 = ∂τη + 2µη + µρ∂ρη + vk′∂k′η − rc(3ρ−1∂ρη + ∂2ρη + ∂k
′
∂k′η) (56c)
0 = ∂τvk′ + ∂k′P + µρ∂ρvk′ + vj′∂j′vk′ − rcρ−1∂ρ(ρ∂ρvk′) (56d)
It is clear from the parity of these equations in η that if there exists a fluid so-
lution defined in terms of a pair (µ, η) by (54), then there also exists a solution
parameterized by the pair (µ,−η). That is, the transformed fluid satisfies the
incompressible Navier-Stokes equations. Again, this is valid for fluids of arbitrary
dimension.
We provide an example with the three-dimensional fluid solution
v1 = A
(
x1 − x2e−2A(τ−τ0)
)
v2 = A
(
x2 + x1e
−2A(τ−τ0)) (57a)
v3 = B exp
(
4A(τ − τ0) + Aρ
2
2rc
)
− e2Aτ
∫ τ
dτ ′ q(τ ′)e−2Aτ
′ − 2Ax3 (57b)
P =
1
2
A2ρ2(e−4A(τ−τ0) − 1) + q(τ)x3 − 2A2x23 (57c)
which satisfies the isometries (53). Here, A, B and τ0 are arbitrary non-vanishing
constants and q(τ) is an arbitrary function of time. The duality is equivalent to
sending τ0 → τ0 + ipi/2A.
4.3 Generalized versus spacetime Ehlers
In this section we discuss whether the fluid transformations of §4.2.1, derived
directly from the generalized Ehlers transformation (24) on the basis of definition
(34) of the dual metric components, lie within the spacetime Ehlers group. The
spacetime Ehlers map is defined only in (3+1) spacetime dimensions, so we assume
this number of dimensions for all calculations in this section.
Consider the fixed boundary transformations (47). For those examples calcu-
lated in §4.2.1, the Ernst scalar transforms as
ς → ς¯(1 +O(4)). (58)
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In the case of the vacuum-to-vacuum spacetime Ehlers group, the Ernst scalar
transforms according to the Mo¨bius map (31). If conjugation of the Ernst scalar
is to belong to this map, we must have
ς → ς¯ = δ
′ς + iγ′
iγς + δ
, where γγ′ + δ′δ = 1, (59)
which is satisfied if and only if Ω2 = 1.
Explicit calculation for those examples in §4.2.1 shows that Ω2 = 1 requires
(γ, δ) = (0,±1). The Mo¨bius map (31) with these parameter values reduces to
ς → ς ± iγ′. (60)
That is, complex conjugation and the Mo¨bius map are equivalent only where they
describe a constant complex shift. It follows from the definition of complex con-
jugation that this demands a vanishing twist potential (26). For those fluid trans-
formations of §4.2.1, the twist potential is non-vanishing, so complex conjugation
of the Ernst scalar does not here correspond to the Mo¨bius map. Therefore these
fluid transformations, generated by the generalized Ehlers group on the basis of
the dual metric definition (34), do not correspond to transformations within the
spacetime Ehlers group.
5 Discussion
We have demonstrated how solution-generating transformations of the Einstein
equations in the presence of a Killing vector may be applied to spacetime holo-
graphically dual to hydrodynamics. Our focus has been on the incompressible
Navier-Stokes fluid dual to vacuum Rindler spacetime, where we have uncovered a
selection of fluid transformations: a linear energy scaling symmetry for solutions
with vanishing vorticity (this constraint may be relaxed to (44)), deriving from RG
flow of the fluid hypersurface through the bulk, and a Z2 group of transformations
for fixed viscosity (boundary) with explicit examples of reflection-like symmetry
in translational and rotational fluid isometries. These transformations may not
be remarkable from the perspective of hydrodynamics but it shows how part of
the generalized Ehlers transformations can survive holography and give rise to
transformations in the fluid dual.
These fluid transformations, when applied to fluid metrics, will produce solution-
generating transformations in the vacuum Einstein equations. However, the trans-
formed metrics produced directly by our method are not necessarily vacuum. This
apparent contradiction may be explained as follows. It is discussed in [42] how
the electromagnetic field strength contribution to the Navier-Stokes equations (5)
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is determined by the projection of the electromagnetic field strength of the bulk
spacetime along the unit normal to the hypersurface. If in the transformed space-
time this projected field strength vanishes, one will still recover the Navier-Stokes
equations (32) (without forcing terms) in the dual parameters. In this way, it is not
strictly necessary that the fluid metrics be vacuum to recover solution-generating
transformations of the unforced incompressible Navier-Stokes equations.
One can then be inspired to try the Harrison transformation which is a solution-
generating transformation in Einstein-Maxwell theory to give new transformations
in magnetohydrodynamics. A holographic relation of the sort described here has
been constructed for magnetohydrodynamics in [41, 42, 43]. The Harrison transfor-
mation in the bulk may then lead to nontrivial transformations in magnetohydro-
dynamics transforming between fluid velocity and magnetic potentials; this is the
subject of current work. One can also study the dimensional dependence of these
solution-generating transformations. In recent work [44], the difference in scaling
for turbulence between three and four dimensions was studied holographically with
a large difference in qualitative behaviour. One could also examine backgrounds
associated with nontrivial chemical potential in the dual; for example rotating or
charged black hole backgrounds.
Essentially, in this paper we wish to open up the use of gravitational solu-
tion generating symmetries in holography. It is encouraging that this did not
immediately fail and one could preserve the fluid metric ansatz with some residual
transformations surviving, yet it is intriguing that these transformations did not
give anything particularly new. The results for magnetohydrodynamics may prove
more significant.
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